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Using a rotationally invariant version of the slave-boson approah in spin spae we analyze the
stability of stripe phases with large unit ells in the two-dimensional Hubbard model. This approah
allows one to treat strong eletron orrelations in the stripe phases relevant in the low doping regime,
and gives results representative of the thermodynami limit. Thereby we resolve the longstanding
ontroversy onerning the role played by the kineti energy in stripe phases. While the transverse
hopping aross the domain walls yields the largest kineti energy gain in the ase of the insulating
stripes with one hole per site, the holes propagating along the domain walls stabilize the metalli
vertial stripes with one hole per two sites, as observed in the uprates. We also show that a nite
next-nearest neighbor hopping t′ an tip the energy balane between the lled diagonal and half-
lled vertial stripes, whih might explain a hange in the spatial orientation of stripes observed in
the high Tc uprates at the doping x ≃ 1/16.
PACS numbers: 74.72.-h, 71.10.Fd, 71.45.Lr, 75.10.Lp
I. INTRODUCTION
The experimentally established existene of nanosale
harge order phenomena in transition metal oxides on-
tinues to attrat muh attention. In partiular, phase
separation, manifesting itself in formation of nonmag-
neti one-dimensional (1D) domain walls whih sepa-
rate the antiferromagneti (AF) domains with opposite
phases, has been proposed to be responsible for unusual
properties of the high Tc opper oxide superondutors.
1
Moreover, taking into aount that magneti exitation
spetra have been found to be similar among various high
Tc uprates, the knowledge of the spatial distribution of
holes in the CuO2 planes might be a rst step towards
mirosopi understanding mehanism of the superon-
dutivity itself.
2
Indeed, the most prominent feature of
the spin exitations in YBa2Cu3O6+δ (YBCO) is the res-
onane that ours at the AF wavevetorQ = (π, π) and
at the energy of 41 meV in the ase of optimal doping
while for lower energies inommensurate (IC) magneti
peaks emerge.
3
In ontrast, for a long time it was thought
that La2−xSrxCuO4 (LSCO) does not show the resonane
and that the orresponding IC utuations are disper-
sionless. However, reent high-resolution neutron sat-
tering studies on optimally doped sample have revealed
that in fat the magneti exitations are dispersive and
quite similar to those of YBCO.
4
Moreover, the over-
all evolution of the magneti sattering with energy in
La2−xBaxCuO4 (LBCO) also resembles the one found in
YBCO.
5
Altogether, the ommon low-energy exitations
imply that the spin dynamis in doped opper oxide su-
perondutors has the same origin. Remarkably, the ob-
served spetra might be onsistently explained in terms of
utuating stripes suggesting that the stripe instability is
a universal phenomenon of all uprates and thus it might
be indeed regarded as relevant for the superondutivity.
6
Historially, the rst ompelling evidene for both
magneti and harge order in the uprates, was
aomplished in a neodymium odoped ompound
La1.6−xNd0.4SrxCuO4 (Nd-LSCO). Indeed, around hole
doping x = 1/8, Tranquada et al.7 found that elasti
neutron sattering is haraterized by magneti peaks at
the wave vetors Q = π(1 ± 2ǫ, 1) and Q = π(1, 1 ± 2ǫ).
Suh positions of the peaks orresponds to equally prob-
able modulations along one of two equivalent lattie di-
retions x and y, to whih we refer as horizontal and
vertial stripes, respetively. Moreover, inspired by the
pioneering Hartree-Fok (HF) studies suggesting that the
staggered magnetization undergoes a phase shift of π at
the harge domain wall (DW),
8
the authors found ad-
ditional Bragg peaks displaed symmetrially by ±4πǫ
around the Γ = (0, 0) point, preisely at the position
expeted for harge modulation. Reently, the same ge-
ometry for stati IC magneti and harge peaks has been
reported
9
in LBCO with x = 1/8. In fat, neutrons do
not detet harge diretly but instead they are sensitive
to nulear displaements indued by the harge modula-
2tion. Therefore, a very reent resonant soft X-ray sat-
tering study of the harge order in LBCO at the same
doping is of a partiular great value being a more di-
ret evidene of harge modulation. These studies have
yielded an estimate for the number of holes per DW to be
0.59, very lose to the expeted from neutron sattering
experiments value 0.5. It orresponds to the so-alled
half-lled stripes, as they are haraterized by the ll-
ing of one doped hole per two atoms along the DWs.
10
Remarkably, at this partiular doping, both ompounds
exhibit a deep minimum in the doping dependene of Tc,
suggesting a strong ompetition between the stati stripe
order and the superondutivity.
11
Conversely, the large drop in Tc at x = 1/8 is not ob-
served in LSCO, even though inelasti neutron sattering
experiments in the superonduting regime of x ≥ 0.06
have revealed the presene of magneti peaks at the same
IC positions as in Nd-LSCO and LBCO. Moreover, Ya-
mada et al.
12
established a remarkably simple relation
ǫ ≃ x for 0.06 ≤ x ≤ 0.125 with a lok-in eet at
ǫ ≃ 1/8 for larger x. This means that inreasing dop-
ing redues the distane d = 1/2x between the half-lled
stripes. Hene, it appears that suh a stripe order is om-
patible with the superondutivity, whih is partiularly
pronouned when the spin orrelations remain purely dy-
nami. However, the superonduting state may also o-
exist with stati stripe order,
13
but then the value of
Tc is strongly redued. This onjeture is strongly sup-
ported by inelasti neutron sattering experiments on
YBCO, whih have also established the presene of IC
vertial/horizontal spin utuations throughout the en-
tire superonduting regime of YBCO.
14
Moreover, for
δ = 0.35, apart from spin utuations, Mook et al.15
have found an IC harge order onsistent with the verti-
al/horizontal stripes.
In ontrast, in the insulating spin-glass regime of LSCO
x < 0.06, quasielasti neutron sattering experiments
with the main weight at zero frequeny demonstrate
that IC magneti peaks are loated at the wave vetor
Q = π(1 ± √2ǫ, 1 ± √2ǫ).16 This phenomenon has of-
ten been interpreted as the existene of stati diagonal
stripes, even though no signatures of any harge mod-
ulation were observed. In spite of the hange in spin
modulation from the diagonal to vertial/horizontal one
at the doping x ≃ 0.06, ǫ follows x reasonably well over
the entire low doping range 0.03 ≤ x ≤ 0.125. More-
over, the same type of the diagonal IC spin modulation
has been disovered in Nd-LSCO at x = 0.05,17 indiat-
ing that while the vertial/horizontal spin-density mod-
ulation, aompanied by the harge modulation, might
be regarded as a generi property of the superondut-
ing regime, the diagonal orientation of the magneti
domains is ommon for the lightly Sr-doped insulating
systems. Finally, in the narrow range of low doping
0.02 ≤ x ≤ 0.024, IC magneti peaks in LSCO are ob-
served at the wave vetor Q = π(1 ± ǫ, 1 ± ǫ),18 just as
in the insulating La2−xSrxNiO4 (LSNO) ompound.
19
In
this ase, the spaing between stripes is equal to d = 1/x;
suh strutures with the lling of one doped hole per one
atom in the DW orrespond to the so-alled lled stripes.
The intriguing ompetition between vertial and diag-
onal stripes has been already notied in the early mean-
eld studies.
8
Indeed, it has been found that the vertial
stripes were favored for U/t . 4 whereas the diagonal
DWs were formed at a stronger Coulomb repulsion. Un-
fortunately, these studies predited the lled stripes in
the ground state. A general feature of suh instability
is a gap/pseudogap preisely on the Fermi surfae. As a
result, harge transport is not possible in idealized lled
stripes. In ontrast, the ground state energy half-lled
stripes observed in the uprates, have been found in a
few methods whih go beyond the Hartree-Fok approx-
imation (HFA), suh as: density matrix renormalization
group,
20
variational loal ansatz approximation,
21
Exat
Diagonalization (ED) of nite lusters,
22
analytial ap-
proahes based on variational trial wave funtion within
the string piture,
23,24
dynamial mean eld theory,
25
luster perturbation theory,
26
and QuantumMonte Carlo
(QMC) simulations,
27
indiating the ruial role of loal
eletron orrelations in stabilizing these strutures. In-
deed, while the HF method is well suited to ompare the
energies of dierent types of magnetially ordered phases
in the limit of large on-site Coulomb interation U →∞,
where it gives the same asymptoti behavior as the SBA
or the Gutzwiller ansatz,
28
it is ruial to use a better
approah than the HFA at intermediate U , partiularly
when magneti polarization of some sites is missing.
A good starting point for a proper approximate treat-
ment of strong orrelations is the representation of
the Hubbard model in terms of auxiliary fermions and
bosons.
29
The slave-boson approximation (SBA) has
been applied suessfully to a whole range of problems
and is known to provide a realisti mean-eld desrip-
tion of strongly orrelated systems. It is quite enourag-
ing that the ground state phase diagram obtained using
spin-rotation-invariant (SRI) slave-boson representation
of the two-dimensional (2D) Hubbard model with homo-
geneous spiral, AF order, ferromagneti (FM), and para-
magneti (PM) phases shows a good agreement both with
QMC simulations and the ED method.
30
The slave-boson
(SB) method was also used to investigate magneti and
harge orrelations of the t-t′-U model,31 the ground state
of the Anderson lattie model,
32
and systems with orbital
degeneray.
33
Moreover, the unrestrited slave-boson for-
malism has turned out to be a powerful tool in desription
of inhomogeneous states, even though in the absene of a
nite long-range Coulomb repulsion, ompletely lled di-
agonal stripes (FDS) were found to be more stable than
the half-lled vertial stripes (HVS), suggesting that a
pure Hubbard model might be insuient to apture the
physis in the uprates.
34,35
Another possible extension ould involve an inlusion
of the next-nearest neighbor hopping term t′. There are
several experimental and theoretial studies suggesting
the presene of a nite t′ in the uprates. Indeed, topol-
ogy of the Fermi surfae seen by angle-resolved photoe-
3mission spetrosopy
36
and the asymmetry of the phase
diagrams of the hole- and eletron-doped uprates an be
understood only by introduing t′.37 It also oers an ex-
planation for the variation of Tc among dierent families
of hole-doped uprates.
38,39
Moreover, ED studies have
shown that while the d-wave superondutivity orrela-
tion is slightly suppressed by t′ in underdoped regions,
it is substantially enhaned in the optimally doped and
overdoped regions, indiating that t′ is of great impor-
tane for the pairing instability.
40
Finally, Seibold and Lorenzana have found
41
that a -
nite t′ strongly aets the optimal lling of the vertial
stripes and onsequently favors partially lled ongura-
tions in the SBA. Unfortunately, restritions due to the
luster size, have not let the authors to reah an unam-
biguous onlusion onerning a rossover towards the
FDS at low doping. Motivated by this result, we have
investigated reently the relative stability between the
latter and the HVS with the symmetry lowered by a pe-
riod quadrupling due to on-wall spin-density wave. Using
the self-onsistent HFA, one nds that a negative ratio
of the next-to nearest neighbor hopping (t′/t < 0) expels
holes from the AF domains and reinfores the stripe or-
der. Therefore, the half-lled stripes not only aommo-
date holes but also redistribute them so that the kineti
energy is gained, and these stripes take over in the regime
of t′/t ≃ −0.3 appropriate for YBCO.42
The purpose of this paper it to investigate the stability
of stripe phases at low doping and to resolve the long-
standing ontroversy onerning the role of the kineti
energy in the formation of stripes. Domain walls an
be viewed as topologial defets in the AF phase, whih
onne the holes to 1D regions, while a rossover to a 2D
system ours when the stripes melt.
43
This leads in a
natural way to the piture of 1D omposite exitations,
24
whih ontribute to the kineti energy by the hole motion
along DWs. In ontrast, in the early HF studies it was
demonstrated that the stripes are stabilized by the ki-
neti energy inrements due to the bonds onneting the
domain wall with the neighboring sites of AF domains.
44
The rest of the paper is as follows. In Se. II we shortly
review the SRI slave-boson representation of the Hub-
bard model and introdue reiproal spae formalism,
based on the stripe periodiity, whih provides a possibil-
ity to perform alulations on larger (128×128) lusters
than those studied in Ref. 41. Therefore, our approah
eliminates to a large extent the role of nite-size eets,
as we show it in Se. II D. Further, in Se. III we investi-
gate the stability of the already mentioned FDS and HVS
as well as of the lled vertial stripes (FVS) and half-lled
diagonal stripes (HDS) at the two representative doping
levels x = 1/8 and x = 1/16. For stable strutures we
ompare the harge, spin, and double oupany proles
obtained in the SBA with the ones obtained in the HFA.
We also analyze in detail kineti and magneti energy
ontribution as well as disuss the shape of the density
of states (DOS). The eet of a nite next-nearest neigh-
bor hopping t′ on the stripe stability and indued by it
onspiuous hanges in the band struture are presented
in Se. IV. Finally, in Se. V we present a short sum-
mary and general onlusions.
II. FORMALISM
A. Rotationally invariant slave-boson method
In this paper we study the 2D Hubbard model,
H = −
∑
ij,σ
tijc
†
iσcjσ + U
∑
i
ni↑ni↓, (1)
where the eletron hopping tij is t on the bonds on-
neting the nearest neighbor sites 〈ij〉 and t′ between
next-nearest neighbor sites, while U stands for the
on-site Coulomb interation. Our study is based on
the spin-rotation invariant formulation of the Kotliar
and Rukenstein
29
SB representation of the Hubbard
model,
45,46
in whih one enlarges the Hilbert spae of
the Hamiltonian (1) by introduing auxiliary boson op-
erators: ei and di, as well as a salar pi0 and a vetor
pi = (pi1, pi2, pi3) bosoni eld at eah site. The for-
mer operators at as projetion operators on empty and
doubly oupied sites, while the latter desribe the spin
and harge degrees of freedom in the singly oupied sub-
spae.
The main advantage of suh a representation is that the
atual eletron onguration is ontrolled by the bosons
and one an thus write the Hubbard interation as a
bosoni oupation number operator. In ontrast, the
operator for the kineti energy beomes more involved
sine the motion of a physial eletron hanges boson o-
upation numbers on both lattie sites involved in the
hopping proess. Hene, in terms of the above SB oper-
ators, the Hubbard model (1) takes the form,
HSB = −
∑
ij
∑
σσ′σ′′
tijz
†
iσσ′f
†
iσ′fjσ′′zjσ′′σ + U
∑
i
d†idi,
(2)
where zi are 2×2 matries in spin spae whih depend on
the atual onguration of the boson elds, as explained
in Ref. 47. These matries are onstruted in suh a way
that the orret mean-eld result in the noninterating
limit (at U = 0) is reovered. Additionally, the SB oper-
ators have to fulll the following onstraints at eah site,
e†iei + d
†
idi +
∑
µ
p†iµpiµ = 1, (3)
2d†idi +
∑
µ
p†iµpiµ =
∑
σ
f †iσfiσ, (4)
p†0ipi + p
†
ip0i − ip†i × pi =
∑
σσ′
τσσ′f
†
iσ′fiσ. (5)
4They are enfored by orresponding Lagrange multipliers
in the ation, and one obtains a path integral representa-
tion of the Hubbard model. Owing to the gauge symme-
try group of the ation, the phase of ve of the six bosoni
elds an be gauged away.
46
These elds an be handled
in the Cartesian gauge, or in the radial gauge.
45
In the
following we handle the ation in the Cartesian gauge at
saddle-point level (in the SBA). This proedure is exat
in the large degeneray limit.
46,48
Comparison of ground
state energies with data resulting from numerial simu-
lations show very good agreement.
30,49
Sine homogeneous AF phases turned out to be un-
stable with respet to spiral phases,
49
one may antii-
pate that a similar eet will take plae in stripe phases.
Therefore, the present rotationally invariant formalism
opens a possibility of studying also more general stru-
tures whih we postpone to future studies. Here we will
limit ourselves to nonanted states whih are loally sta-
ble, as heked in a few representative ases.
B. Reiproal spae approah for stripe phases
In order to obtain unbiased results for stripe phases one
should arry out alulations on large lusters. So far,
suh alulations were usually performed in real spae
to address diretly inequivalent sites in the stripe unit
ell. However, an eient approah may be onstruted
by making use of the periodiity of a stripe phase whih
allows one to over the entire lattie by small unit ells.
Indeed, eah position vetor Ri of an arbitrary atom an
be deomposed into a sum involving ertain periodiity
vetors g1 and g2, and a vetor δM labeling all inequiv-
alent sites i within the unit ell:
Ri = ng1 +mg2 + δM , (6)
with integer {n,m}. Aordingly the overing of the Bril-
louin zone spanned by the wave vetor k is ahieved by
the deomposition:
k = K+G, (7)
with G belonging to a set of wave vetors representative
of the periodiity of the struture of interest.
50
For a
stripe phase with vertial domain walls separated by d =
4 lattie spaings, as shown in Fig. 1(a), the magneti
unit ell onsists of a row of eight atoms perpendiular
to the stripes. One immediately nds two periodiity
vetors g1 =
(
4, 1
)
and g2 =
(
0, 2
)
. In this ase the set
of vetors G satisfying exp{ig(1,2) ·G} = 1 is given by
G
(l)
1 =
2π
8
(2l, 0), G
(l)
2 =
2π
8
(
2l+ 1, 4
)
, (8)
with 0 ≤ l ≤ 3.
A seond example is a diagonal stripe phase depited
in Fig. 1(b). Again, onsidering the periodiity of this
phase, one nds the magneti unit ell onsisting of a
✲
✻
lx
ly
(a)
(b)
FIG. 1: Symmetry properties of stripe phases: (a) the vertial
stripe phase  its unit ell with two periodiity vetors: g
1
=(
4, 1
)
and g
2
=
(
0, 2
)
; (b) the diagonal stripe phase  its
unit ell with two periodiity vetors: g
1
=
(
1, 1
)
and g
2
=(
4,−4
)
.
row of eight atoms along the x-diretion. However, the
periodiity vetors are now given by g1 = (1, 1) and g2 =
(4,−4). Aordingly one nds for G:
G1 = (0, 0), G
(l)
2 =
2π
8
(l, 8− l), (9)
with 1 ≤ l ≤ 7.
In both ases the vetors K in Eq. (7) are spanning
the retangle [0, 2π/8] × [0, 2π]. The extension to other
stripe phases is straightforward. Using the above pro-
edure, the fermioni ontribution to the ation in the
momentum representation is given by:
Sf =
∫ β
0
dτ
∑
KGG
′
∑
σσ′
f †
K+G,σ(τ)M
σσ′
GG
′(K, τ)f
K+G′,σ′(τ),
(10)
with,
Mσσ
′
GG
′(K, τ) = (∂τ − µ)δσσ′δGG′ + 1
L
∑
δM
e−i(G−G
′)δM
×
[
β0δM (τ)δσσ′ + βδM (τ) · τσσ′
−
∑
δ
tδM ,δM+δe
i(K+G′)δ
(
zδM+δ(τ)z
†
δM
(τ)
)T
σσ′
]
.
(11)
5Here L is the number of atoms in the unit ell so that the
ratio N/L gives the number of unit ells needed to over
a whole luster with N sites, ∂τ is an imaginary time
derivative, and µ is the hemial potential. The quanti-
ties β0 and β are the Lagrange multipliers enforing the
onstraints given in Eq. (4) and Eq. (5), respetively.
Hene, we have redued the fermioni matrix Mσσ
′
kk
′
down to deoupled bloks labeled by K. This proedure
gives a onsiderable time gain during numerial alu-
lations. While the usual workload in a diagonalization
algorithm is ∼ N3 (see Ref. 51), the number of opera-
tions needed for diagonalization of N/L smaller matries
is only ∼ N
L
· L3 = NL2. This means that the sym-
metry redution makes a tremendous simpliation and
the time needed for numerial alulations is redued by
a fator (N/L)2 as ompared to a straightforward 'brute
fore' diagonalization of anN×N matrix, whih is nees-
sary when the omputations are performed in real spae.
C. Mean-eld approximation
In Ses. III and IV we present solutions for the stripe
phases obtained within the SB mean-eld approximation
in whih one replaes the Bose elds and the Lagrange
multipliers by their time-independent averages. Hene,
the free energy found at the temperature T follows as,30
F =
1
L
{∑
l
[
αl(e
2
l + p
2
0l + p
2
l + d
2
l − 1)
− β0l(p20l + p2l + 2d2l ) + Ud2l − 2βl · plp0l
]
− 1
β
∑
qσ
ln
(
1 + e−βεqσ
)
+ µNel
}
, (12)
with β = 1/kBT , εqσ standing for the eigenmodes of
the fermioni matrix (11), and Nel orresponding to the
total number of partiles. The equilibrium values of the
lassial eld amplitudes are determined from the saddle-
point equations in whih the partial derivatives are taken
with respet to three Lagrange multipliers enforing the
onstraints (3)(5), as well as to the four SB elds p0l, pl,
el, and dl, for eah inequivalent site l = (lx, ly) within the
elementary stripe unit ell. The saddle-point equations
are solved using the Powell hybrid method.
D. Finite-size eets
In order to estimate to what extent the alulation
method eliminates nite-size eets, we examine the size
dependene of the free energy at low temperature βt =
1000 by onsidering stripe phases on lusters of inreasing
size: 8×8, 16×16, 24×24, 32×32, 64×64, and 128×128.
All systems are desribed by the Hubbard model with
U = 12t and x = 1/8. The nite-size saling of the free
energy obtained for the HVS obtained within the SBA is
shown in Fig. 2(a). As it ould be expeted, nite size
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FIG. 2: Finite-size saling of free energy F for: (a) HVS, and
(b) HDS, as obtained within the SBA for the Hubbard model
at doping x = 1/8. Parameters: U = 12t and βt = 1000.
eets are partiularly severe for small 8× 8 and 16× 16
lusters but a further inrease of the system size results
in a gradual saturation of the free energy. The systemati
errors due to these eets are diminished to the order of
10−5t when the alulations are performed on lusters
with 104 atoms.
The above behavior is universal, and a similar tendeny
appears also in a system with the HDS [see Fig. 2(b)℄.
Note, however, that in the ase of the vertial stripes
inreasing luster size lowers the total energy. In on-
trast, the energy inreases when the number of atoms in
a luster with the diagonal stripes gets larger, suggesting
that small luster alulations underestimate (overesti-
mate) the free energy of the vertial (diagonal) stripe
phase, respetively, and may thus lead to systemati er-
rors and inonlusive results in some ases. Even though
the free energy F saturates quikly with an inreasing
number of sites in both ases, one should keep the above
feature in mind, espeially when it omes to investigate
the relative stability of vertial and diagonal phases as
the inlusion of quantum utuations ould substantially
strengthen this eet. Here we would like to point out
another virtue of the present studies performed at tem-
perature βt = 1000. When the temperature is so low, the
entropy ontribution to the free energy is almost entirely
suppressed as F ≃ 〈H〉, so that one may analyze only
the internal energy for dierent phases, as done below.
6III. ELECTRON CORRELATION EFFECTS IN
STRIPE PHASES
A. Physial haraterization of stripe phases
Let us now examine the role of strong eletron orre-
lations in stabilizing stripe phases of various type. Even
though the HFA and SBA yield quantitatively very sim-
ilar results at half-lling, as reently reviewed by Kor-
bel et al.,
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we show below that they dier markedly in
the stripe phases. Indeed, sine the HF wave funtion
is a Slater determinant of single partile states, it does
not provide enough variational freedom to implement the
many-body proesses that are relevant for the behavior of
interating fermions. Therefore, one should expet that
the inlusion of the orrelation eets modies onsid-
erably the distribution of harge and spin density in a
stripe phase, espeially around nonmagneti DWs where
the orrelation orretions are large.
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To illustrate this point, we investigate the harge and
magnetization distribution in the SBA and ompare them
with the referene states obtained in the HFA. To de-
sribe the harge distribution, we introdue the loal hole
density for eah inequivalent site l = (lx, ly) in the stripe
unit ell,
nh(lx) = 1−
∑
σ
〈
f †lσflσ
〉
, (13)
where the average eletron density,
〈f †lσflσ〉 =
∑
q
Ψ†lσ(q)Ψlσ(q)n(ǫqσ), (14)
is given by the real spae eigenvetors Ψlσ(q) of the ef-
fetive Hamiltonian (10), and n(ε
qσ) is the Fermi-Dira
distribution. Further, magneti domain strutures are
best desribed by the modulated magnetization density,
Spi(lx) = (−1)lx+ly 1
2
∑
σσ′
〈
f †lστ σσ′flσ′
〉
, (15)
with a site dependent phase fator (−1)lx+ly ompensat-
ing the modulation of the staggered magnetization den-
sity within a single AF domain, as well as by double
oupany,
D(lx) =
〈
nl↑nl↓
〉
. (16)
B. Stripes at low doping x = 1/16
We begin with the detailed analysis of the harge and
magnetization distribution in the stripe phases at low
doping x = 1/16, and ompare the results of the SB treat-
ment with those obtained in the HFA. The orresponding
SB proles of the FVS (left) and FDS (right) found in the
Hubbard model with U = 6t at the doping x = 1/16 are
shown in Fig. 3 (lled irles). In this ase nonmagneti
DWs are separated by d = 16 lattie onstants so that
the harge (magneti) unit ell ontains sixteen (thirty
two) atoms, respetively. In agreement with the alu-
lations of Ref. 34, we note that the hole density nh at
nonmagneti DWs is redued nearly twie in the SBA
as ompared to the orresponding HFA value (open ir-
les), regardless of the stripe diretion. Moreover, the HF
stripe phases are haraterized by the enhaned spin po-
larization of the AF domains. Suh a strong modiation
follows diretly from the fat that in the HFA there are
only two straightforward possibilities whih allow one to
diminish the energy of the stripe phase due to the on-site
Coulomb repulsion,
EU = U
1
L
∑
lx
D(lx). (17)
The simplest way of keeping apart eletrons with the op-
posite spins is by reating strong spin polarization. As
a onsequene, a well known feature of the HFA is that
it overestimates by far the tendeny towards symmetry
broken states. Another way of reduing EU whih may
be realized for inhomogeneous harge distribution, for
instane in stripe phases, is to suppress loally the to-
tal eletron density at the sites with small or vanishing
magnetization.
In ontrast, the SB approah implements loal orrela-
tions by oering an important mehanism to optimize the
on-site interation by an additional variational parame-
ter, i.e., the boson eld di at eah site. In fat, the largest
orretion of the HF value is obtained at the DW unpo-
larized sites, where the double oupany D, Eq. (16),
shows distint minima in both phases (see Fig. 3) whih
allows one to optimize EU even without a great redution
of the atual eletron density. Simultaneously, a large
value of D within the AF domains suppresses partially
the spin polarization of the atoms separating DWs, whih
enables more intersite exitations and leads to a more fa-
vorable kineti energy gain. Taken together, these two
eets are jointly responsible for smoother harge and
spin density proles with respet to the ones found in
the HFA. Notie that both approximations yield narrow
diagonal stripes, revealing their more loalized harater
as ompared to the vertial ones and hene a more favor-
able average on-site energy, whih stabilizes them in the
strong oupling regime, as disussed below.
It is quite remarkable that the present alulations per-
formed on large lusters yield also loally stable half-lled
stripes both in the HFA and in the SBA without any ne-
essity of quadrupling of the period along the stripes by
an additional on-wall spin-density wave.
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At x = 1/16,
the ondition of having one doped hole per two DW
atoms requires the harge (magneti) unit ell ontaining
eight (sixteen) atoms, respetively. The obtained proles
of the HVS (left) and HDS (right) are shown in Fig. 4.
Again, one nds a smaller SB harge modulation and a
stronger spin polarization of the AF domains in the HFA.
Note, however, that ontrary to the ase with the lled
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FIG. 3: (Color online) Hole and magnetization distribution
in lled stripe phases at low doping x = 1/16: loal hole
nh(lx) density (top), magnetization Spi(lx) density (seond
row), and double oupany D(lx) (bottom), for the phase
with the FVS (left) and FDS (right), found in the Hubbard
model on a 128 × 128 luster at βt = 1000. Open (lled)
irles show the HFA (SBA) results for U = 6t, respetively,
while lled squares denotes the SBA data for U = 12t.
DWs, a narrower harge and spin prole of the vertial
stripe with respet to the diagonal one is apparent.
At strong oupling with U = 12t (lled squares), one
nds for the most stable phases that the double ou-
pany prole is interpolating between D ≃ 4t2/U2 deep
in the magneti domains (the value expeted in an AF
phase at half-lling
53
), and the value expeted in the PM
phase at the atual hole density realized at the domain
wall sites, as shown in Table I. Thus the present approah
is exible enough to implement the ompromise between
optimized superexhange in the magneti domains, and
optimized (with respet to the loal density) double o-
upany in the domain walls, with, however, the notable
exeption of the HDS. In that ase this optimization an-
not be ahieved, and instead one gets a more spread hole
distribution. The same tendeny is also realized at inter-
mediate oupling.
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FIG. 4: (Color online) The same as in Fig. 3 but for the half-
lled stripe phases: HVS (left) and HDS (right). Open (lled)
irles show the HF (SB) results for U = 6t, respetively, while
lled squares denotes the SB data for U = 12t. High values
of UD/t > 0.6 obtained for the DW atoms in the HFA are
indiated by arrows.
Experimentally, two stripe phases have been found: (i)
lled diagonal stripe phase, and (ii) half-lled vertial
one. Both of them have been observed in LSCO; the
former was found around x = 0.02,18 whereas the latter
TABLE I: Hole density nh(DW) and double oupany
D(DW) at domain-wall sites, and the orresponding dou-
ble oupany in the PM phase DPM, as found for various
stripe phases in the Hubbard model on an 128 × 128 luster
at x = 1/16 doping within the SBA. Parameters: U = 12t,
βt = 1000.
phase nh(DW) D(DW) DPM
HDS 0.153 0.016 0.019
HVS 0.221 0.018 0.018
FVS 0.256 0.017 0.017
FDS 0.267 0.017 0.016
8 at a higher 0.06 ≤ x ≤ 0.125 doping level.12 In the
present alulations these phases were reprodued as two
possible ground states of the doped Hubbard model. The
rossover found experimentally indiates that the lling
and orientation of DWs are indeed losely related in the
uprates. In other words, half-lled stripes tend to be
aligned vertially/horizontally, whereas lled ones gain
more energy by the diagonal arrangement.
The above important property an also be dedued
from the free energies F alulated in the SBA from
Eq. (12) for all four stripe phases, given in Table II.
For ompleteness, the energies of stripe phases are om-
pared with those of the uniform AF phase. Note that
the sequene of stripe phases, ordered aording to their
dereasing energy, is preisely the same in both methods
and one does nd that the half-lled vertial stripe phase
is preferred over its diagonal ounterpart, and also that
the lled diagonal stripe struture is promoted over the
orresponding vertial stripe phase. However, notieable
disrepanies emerge when it omes to ompare the on-
site Coulomb energy EU and the nearest neighbor kineti
energy determined in SBA,
Et = −t 1
L
∑
〈l,l′〉
∑
σσ′
(
zl′z
†
l
)T
σ′σ
〈
f †lσfl′σ′
〉
, (18)
with the ones obtained in the HFA. Most importantly,
the inlusion of eletron orrelations redues EU of the
PM phase by a fator two without a strong suppression
of Et, whih improves signiantly its free energy. There-
fore, as the average hole density at the half-lled DWs is
notieably smaller than at the lled ones (f. Figs. 3
and 4), it should also help to stabilize half-lled stripes,
beause one gains more orrelation energy when the non-
magneti atoms are lose to half-lling. These features
are learly seen in Table II. By omparing the repulsion
energy, one nds that EU of both half-lled stripe phases
is redued in the SBA, while EU of the lled ones is even
slightly enhaned. As a result, for moderate oupling,
the struture with the HVS in the SBA is haraterized
by the smallest net double oupany and hene by the
most favorable EU . Nevertheless, in the SB ground state
one reovers the phase with the FDS, as a small energy
loss due to the inreased on-site energy is easily over-
ompensated by the kineti energy gain. The FDS are
reovered at strong oupling as well, where the HVS are
not even favored by EU .
Finally, it should be emphasized that, in ontrast to
the HFA, the most favorable SB phase in the moderate
oupling regime U = 6t for the intersite kineti energy
Et is the AF struture (see Table II). However, owing
to a strong suppression of the double oupany at non-
magneti DWs, the existene of stripes opens a possibil-
ity for a harge redistribution whih optimizes EU even
better. Consequently, in the strong oupling regime with
U = 12t all the stripe phases are favored over the uniform
AF order.
In order to identify in detail proesses leading to the
stripe stabilization, we determined the expetation values
of the bond hopping terms, Ext (lx) and E
y
t (lx), along the
x and y diretion, respetively,
Ext (lx) = −t
∑
σσ′
qxσσ′ (lx)
〈
f †(lx,ly),σf(lx+1,ly),σ′
〉
, (19)
Eyt (lx) = −t
∑
σσ′
qyσσ′ (lx)
〈
f †(lx,ly),σf(lx,ly+1),σ′
〉
, (20)
where,
qxσσ′ (lx) =
(
z(lx+1,ly)z
†
(lx,ly)
)T
σ′σ
, (21)
qyσσ′ (lx) =
(
z(lx,ly+1)z
†
(lx,ly)
)T
σ′σ
, (22)
are the orresponding band narrowing fators. The vari-
ation of the kineti energy gain aross the unit ell of
the phase with the FVS is shown in Figs. 5(a) and 5(b).
Deep in the magneti domains, for large U , the kineti
energy in both diretions is given by −4t2/U , as expeted
from the large U expansion.53 For the DW sites we obtain
that Eyt losely reprodues one half of the kineti energy
in the PM phase at the atual hole doping found at these
sites. In the two ases shown in Fig. 5, the kineti en-
ergy is weakly inuened by the involved band struture
desribing the stripe phases, and its prole mostly inter-
polates between the two expeted limits. For the FVS its
most signiant eet is seen in Ext lose to the DW's,
where most of the kineti energy gain is realized. The
same trends are also found for smaller U .
As expeted, prole of Ext (lx) and E
y
t (lx) depends on
whether we inlude loal eletron orrelations or not, as
TABLE II: Comparison of the site-normalized free energy
F , on-site Coulomb energy EU , and kineti energy Et, as
obtained for various phases in the Hubbard model within the
HFA (for U = 6t) and SBA (for U = 6t and 12t) on an 128×
128 luster at doping x = 1/16 and βt = 1000. For larity,
the phases are listed aording to their dereasing energy from
top to bottom.
method U/t phase EU/t Et/t F/t
HFA 6 HDS 0.5185 −1.1080 −0.5895
AF 0.4928 −1.1198 −0.6270
HVS 0.4892 −1.1242 −0.6350
FVS 0.4690 −1.1218 −0.6528
FDS 0.4586 −1.1154 −0.6568
SBA 6 HDS 0.4796 −1.1708 −0.6912
AF 0.4943 −1.2009 −0.7066
HVS 0.4663 −1.1809 −0.7146
FVS 0.4709 −1.1929 −0.7220
FDS 0.4671 −1.1902 −0.7231
SBA 12 AF 0.3181 −0.7355 −0.4174
HDS 0.2673 −0.7023 −0.4350
HVS 0.2860 −0.7356 −0.4496
FVS 0.2930 −0.7455 −0.4525
FDS 0.2903 −0.7464 −0.4561
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FIG. 5: (Color online) Kineti energy projeted on the bonds
in the x (y) diretion, Ext (lx) and E
y
t (lx), as found in the phase
with either the FVS (a,b) or HVS (,d), shown in Figs. 3
and 4. Open (lled) irles show the HF (SB) results for
U = 6t, respetively, while lled squares denote the SB data
for U = 12t. Panels (e) and (f) depit the kineti energy
proles Et/2t of the orresponding FDS and HDS.
we have already seen that they markedly inuene the
harge and spin distribution. On the one hand, one sees
that the AF domains between stripes are haraterized
by a more favorable kineti energy gain in the SBA, ow-
ing to a ombined eet of a weaker spin polarization and
larger doubly oupanies than those found in the HFA.
On the other hand, in the SB approah transverse harge
utuations on the bonds onneting the DWs, with a
strong redution of D, and their nearest neighbors, are
less eient than the orresponding ones found in the
HFA, where the fat that DWs are nonmagneti implies
muh larger D at these sites [f. Fig. 5(a)℄. However, in
the SBA, a small D does not neessarily imply a strong
redution of the band narrowing fator. Indeed, the op-
erator zσσ′ desribes a sum of the two possible transi-
tion hannels, either of whih may aompany an ele-
tron hopping proess:
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(singly oupied site) → (empty
site), or (doubly oupied site) → (singly oupied site
with a time-reversed spin). Therefore, as the hole den-
sity nh at DW sites is large, the rst hannel should even
dominate, whih follows from a simple relation,
e2 = nh + d
2. (23)
that follows for a PM site from the loal onstraint (3).
In addition, the HF stripe phase has a twie smaller ele-
tron density at the DWs than predited by the SBA. Al-
together, despite large double oupanies at the DWs,
the HF kineti energy gain along the FVS is smaller than
the SB one, as shown in Fig. 5(b).
Nevertheless, we have found a onrmation of the
trend deteted in the earlier alulations
44,54
performed
in the HFA  also in the SBA the FVS are mainly stabi-
lized not by the harge motion along the DWs but rather
by the hole deloalization along the bonds perpendiu-
lar to the stripes, i.e., by the so-alled solitoni meha-
nism. This eet is well illustrated by both omponents,
Ext and E
y
t , of the kineti energy Et, shown in Table
III. Here, one observes a signiant anisotropy between
the HF kineti energy gain in the x and y-diretions,
δE = Ext − Eyt . This anisotropy is onsiderably redued
when the loal eletron orrelations are inluded in the
SBA, but remains the driving mehanism stabilizing the
stripes.
These results should be now ompared with those in
Figs. 5() and 5(d), obtained for the struture with the
HVS. First of all, note that as in the ase of the lled
stripes, inlusion of the strong eletron orrelations im-
proves the kineti energy gain in the AF domains. How-
ever, the fat that the half-lled DWs are haraterized
by a smaller hole density than their lled ounterparts
results in an entirely dierent mehanism being respon-
sible for their stability. Indeed, Fig. 5(d) shows that the
largest kineti energy gain is released by the eletrons
propagating along the half-lled DWs, while the trans-
verse harge utuations are less important. This eet
is partiularly strong in the HFA, where one nds a large
anisotropy between Ext (lx) and E
y
t (lx) at the DWs. We
asribe this to the fat that the inrease of eletron den-
sity at the nonmagneti vertial DWs raises double o-
upany (f. Figs. 3 and 4) in this approah, and there-
fore failitates the on-wall propagation of the eletrons.
Moreover, the nearest neighbor sites of the half-lled DW
possess a muh less quenhed Spi, as ompared to the
neighbors of the lled one. Therefore, all the eletrons
rossing HVS enounter in this ase a stronger on-site
potential that develops in the AF domains, whih ats
to suppress loally Ext (lx). A similar ampliation (re-
TABLE III: Comparison of the site-normalized kineti energy
ontribution for bonds along (10) (Ext ) and (01) (E
y
t ) dire-
tions, as obtained for the phase with either the FVS or HVS
in the Hubbard model on an 128 × 128 luster at x = 1/16
doping and βt = 1000 within the HFA and SBA.
FVS HVS
U/t method Ext /t E
y
t /t E
x
t /t E
y
t /t
6 HFA −0.5782 −0.5436 −0.5337 −0.5905
SBA −0.6085 −0.5844 −0.5638 −0.6171
12 SBA −0.3872 −0.3583 −0.3562 −0.3794
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FIG. 6: (Color online) Loal hole nh(lx) (top) and magne-
tization Spi(lx) (seond row) density, as well as double o-
upany D(lx) (bottom), of the FVS (left) and FDS (right)
phase found in the Hubbard model on an 128×128 luster for
doping x = 1/8 at βt = 1000. Open (lled) irles show the
HF (SB) results for U = 6t, respetively, while lled squares
denote the SB data for U = 12t.
dution) of the on-wall (transverse) kineti energy gain,
respetively, we have also found in the SBA.
We onlude the above analysis by showing in Table III
two kineti energy omponents Ext and E
y
t as found for
the phase with the HVS. As in the ase of the FVS, the
presene of the HVS introdues a nite anisotropy be-
tween the kineti energy gain in the x and y diretions
but while Ext < E
y
t for the phase with the FVS, the stru-
ture with the HVS is haraterized instead by Ext > E
y
t .
Let us now disuss variation of the kineti energy gain
shown in Figs. 5(e) and 5(f) aross the unit ell of the
phase with either the FDS or HDS. Here one nds that
due to the symmetry Et/2 = E
x
t = E
y
t . Therefore, based
on Fig. 5(e) showing substantial kineti energy gain due
to transverse hopping proesses onto and o the stripe,
one might expet that suh a struture enables the largest
kineti energy gain among the stripe phases. In fat, it
happens only in the strong oupling regime with U = 12t,
as reported in Table II. In ontrast, a weak harge mod-
ulation indued by the HDS results in a smooth kineti
energy prole without a partiularly severe gain in the
viinity of the DWs. As a onsequene, this phase is har-
aterized by the smallest kineti energy gain regardless of
both the approah and the strength of U (see Table II).
C. Stripes at intermediate doping x = 1/8
We turn now to a short disussion of the stripe pro-
les shown in Figs. 6 and 7, obtained at a twie higher
doping level x = 1/8. The stripe strutures at this dop-
ing onrm the main onlusions of the previous Se-
tion onerning the stripe stability. One nds again that
the transverse (parallel) hopping stabilizes the strutures
with lled (half-lled) vertial DWs, respetively (f. Fig.
8). In addition, we point out the most prominent hanges
with respet to the low doping regime.
First of all, the inreased doping ats to shrink the
distane between the lled DWs aording to the for-
mula d = 1/x, so that the harge (magneti) unit ell is
redued and involves now eight (sixteen) atoms, respe-
tively, as depited in Fig. 6. One nds that the harge
distribution is smoother in the SBA than in the HFA,
and in the moderate oupling regime U = 6t the highest
hole density on the nonmagneti (Spi = 0) DW atoms is
only nh ≃ 0.22÷ 0.24. This demonstrates that the lled
stripe phases are truly itinerant systems with modulated
harge density.
However, the experimentally established distane be-
tween stripes in Nd-LSCO at x = 1/8 doping is equal to
d = 4,7 implying that de fato less holes are doped per
one DW site, and onsequently DWs are only partly lled
by holes. Indeed, other loal minima are obtained in the
TABLE IV: The same as in Table II but for x = 1/8.
method U/t phase EU/t Et/t F/t
HFA 6 HDS 0.6321 −1.2330 −0.6009
AF 0.5148 −1.1808 −0.6660
HVS 0.5031 −1.1800 −0.6769
FVS 0.4649 −1.1777 −0.7128
FDS 0.4432 −1.1639 −0.7207
SBA 6 HDS 0.4815 −1.2713 −0.7898
AF 0.4563 −1.2563 −0.8000
HVS 0.4083 −1.2098 −0.8014
FVS 0.4269 −1.2470 −0.8201
FDS 0.4123 −1.2324 −0.8201
SBA 12 HDS 0.2130 −0.7467 −0.5337
AF 0.2726 −0.8112 −0.5386
HVS 0.2486 −0.8175 −0.5689
FVS 0.2645 −0.8396 −0.5751
FDS 0.2588 −0.8409 −0.5821
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FIG. 7: (Color online) The hole density nh(lx) (top), magne-
tization density Spi(lx) (seond row), and double oupany
D(lx) (bottom) for the half-lled stripe phases: HVS (left)
and HDS (right). Open (lled) irles show the HF (SB) re-
sults for U = 6t, respetively, while lled squares denote the
SB data for U = 12t. Doping, luster size and temperature
as in Fig. 6.
SB alulations for the harge (magneti) unit ells of the
half-lled stripe phases, ontaining four (eight) atoms,
respetively, as shown in Fig. 7. Also these phases are
itinerant, with the SB hole densities at U = 6t less than
0.2 at the DW sites for both half-lled stripe phases.
Moreover, orrelations implemented in the SB approah
guarantee that eletrons avoid eah other and the double
oupany is the lowest D ≃ 0.07 at the half-lled verti-
al DW sites, while in the HFA one nds instead a large
value D0 ≃ 0.13. However, it is remarkable that the SB
double oupanyD is pratially site independent in the
phase with the HVS, in spite of rather dierent eletron
densities at the DW sites and within the AF domains.
Next, we address a generi rossover found in the SBA
from the FDS to their vertial ounterparts taking plae
upon doping. We have seen from the respetive harge
distributions in Fig. 6 that a ertain amount of holes pro-
liferates out of the DWs, reduing double oupanies in
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FIG. 8: (Color online) Kineti energy Ext (lx) and E
y
t (lx) pro-
jeted on the bonds along the x and y diretion, as obtained
for the phase with either the FVS (a,b), or HVS (,d), shown
in Figs. 6 and 7, respetively. Open (lled) irles show the
HF (SB) results for U = 6t, respetively, while lled squares
denotes the SB data for U = 12t.
the AF domains. Consequently, the on-site energy gains
beome less important, whih explains the transition to-
wards the phase with the FVS, being a more favorable
struture for the harge dynamis. In fat, for U = 6t,
this rossover ours preisely at x = 1/8, so that both
phases beome degenerate, as reported in Table IV, while
in the strong oupling regime U = 12t one reovers in
the ground state the phase with the FDS. Moreover, as
the doped holes are now only weakly loalized at the
DW sites, a nonuniform harge distribution in the AF
domains amplies the anisotropy between the kineti en-
ergy gain Ext and E
y
t (f. Table V).
D. Eletroni struture of stripe phases
Let us analyze in more detail the eletroni struture
obtained for the stripe phases in the low doping regime.
Sine the stripe phases onsist of a superposition of mag-
neti domains with a 2D harater, and domain walls of
1D harater, it is worth determining to whih part of the
TABLE V: The same as in Table III but for x = 1/8.
FVS HVS
U/t method Ext /t E
y
t /t E
x
t /t E
y
t /t
6 HFA −0.6234 −0.5543 −0.5331 −0.6469
SBA −0.6468 −0.6002 −0.5504 −0.6593
12 SBA −0.4486 −0.3910 −0.3848 −0.4327
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FIG. 9: Density of states N(ω) of the phase with: (a,b) HVS,
shown in the left panels of Fig. 4; (,d) FVS, depited in the
left panels of Fig. 3, as obtained within the HFA (left) and
the SBA (right) in the moderate oupling regime U = 6t for
doping x = 1/16.
spetrum eah of them ontribute, and to whih extend
they mix. The DOS of a pure 2D AF phase exhibits a
gap (∆ ∼ U) separating two van Hove singularities lying
at the top (bottom) of the lower (upper) Hubbard sub-
bands, here representing the dynamial Hubbard bands.
In 1D ase the van Hove singularities are loated at the
lower and upper band edges.
Let us onsider the atual DOS for the phase with the
HVS in the moderate oupling regime U = 6t  it on-
sists indeed of two Hubbard subbands at low and high
energies, lower Hubbard band (LHB) and upper Hub-
bard band (UHB), separated by a gap of ∼ 5t in the
HFA and ∼ 2.6t in the SBA, see Figs. 9(a) and 9(b). So
strong redution of the gap with a similar value of the
magnetization in the AF domains is the rst orrelation
eet identied in the eletroni struture.
Furthermore, the formation of stripes with nonmag-
neti sites results in additional eletroni states within
the Mott-Hubbard gap. These new strutures ontain
parts of the spetral density below the Fermi energy, both
in the HFA and in the SBA, indiating that half-lled
stripe phases are metalli. Note also that the nonmag-
neti stripes hybridize only weakly with the neighboring
AF domains, sine they are mainly stabilized by the ele-
trons propagating along them, so this part of N(ω) is
reminisent of the tight binding DOS for a linear hain
with nearest neighbor hopping, and has the harater-
isti peaks at the edges. We reall that in 1D ase the
van Hove singularities are loated at the lower and upper
band edges, as found here for the in-gap bands. Similar
to the Hubbard subbands, also the partly lled eletroni
subbands in the gap are substantially narrowed by the
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FIG. 10: Density of states N(ω) of the phase with: (a,b)
HVS, shown in the left panels of Fig. 7; (,d) FVS, depited
in the left panels of Fig. 6, as obtained within the HFA (left)
and SBA (right) in the moderate oupling regime U = 6t for
doping x = 1/8.
orrelation eets in the SBA.
In the ase of lled vertial stripe phases shown in Figs.
9() and 9(d), the states in the gap are empty. This
was atually pointed out rather early as the mirosopi
reason responsible for the stability of suh phases in the
HFA.
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The most prominent feature of the DOS for FVS
phase is again a striking similarity of the mid-gap part
of N(ω) to the DOS of a linear hain. The width is
somewhat redued indiating a more loalized harater
of these states. In ontrast with the phase with the HVS,
a stronger hybridization with the AF domains inuenes
the UHB so that a ertain amount of its states is shifted
towards a lower energy and forms a separate segment of
N(ω) [f. Fig. 9()℄.
Finally, in Fig. 9(d) we show the DOS of the phase
with the FVS whih follows from the SBA. In this ase
the harge and spin density proles are more spread out
and a weaker anisotropy between the tranverse and paral-
lel eletron motion, as ompared to the HF ones, results
in a less lear harater of the mid-gap part of N(ω),
with a large peak in the middle being now a harateris-
ti feature of the 2D tight binding DOS. Notie also an
insulating nature of both lled stripes. Indeed, as the
mid-gap states are now entirely empty, the Fermi energy
lies inside the gap between the highest oupied state of
the LHB and the bottom of the mid-gap band.
For the higher doping x = 1/8 one nds similar fea-
tures in the DOS of both HVS and FVS phases. The
spetral intensity is here redistributed, showing a sys-
temati transfer of the spetral weight from the UHB
into these states and the LHB upon doping, in agree-
ment with a strong oupling perturbation theory for the
13
Hubbard model.
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In addition, the spetral weight is also
transfered into the mid-gap part of N(ω), whih grows
with an inreasing number of stripes in the luster.
IV. STRIPE PHASES IN THE EXTENDED
HOPPING MODEL
A. Crossover to vertial stripe phases
Thus far we have worked out that in the strongly or-
related regime relevant for the uprates a struture with
the FDS (HVS) is the lowest in energy among the stripe
strutures with the lled (half-lled) DWs, respetively.
Therefore, an interesting question ours  whih mi-
rosopi parameters deide whether the phase with the
FDS or the one with the HVS is more stable. To larify
this point we have investigated in the SBA the ompeti-
tion between the stripe phases in the t-t′-U model with
U = 12t. The hosen value of the Coulomb interation
gives the ratio J/t = 1/3 whih orresponds to the phys-
ial value in the uprates.
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Fig. 11(a) shows the eet of inreasing next-nearest
neighbor hopping |t′| on the free energy F of all four
stripe phases, as well as of the uniform AF phase at the
hole doping x = 1/16 and U = 12t. Here, the most
striking result is that while inreasing |t′| only weakly
inuenes the energy of the AF phase, it modies sub-
stantially F of the stripe phases. Moreover, it learly
stabilizes half-lled stripes reduing simultaneously sta-
bility of the lled DWs. To appreiate better the en-
haned stability of the half-lled stripes with respet to
the latter ones, we analyze the average kineti energy
Et′ per diagonal bond as a funtion of inreasing |t′|, ob-
tained in the AF and PM phases for a few doping levels:
x = 1/16 (dot-dashed line), x = 1/8 (dashed line), and
x = 1/5 (solid line) (see Fig. 12). One nds that a nega-
tive next-nearest neighbor hopping (t′/t < 0) yields rst
a positive kineti energy ontribution with the loss being
proportional to doping. On the one hand, hopping pro-
esses assoiated with t′ are partly suppressed in the AF
phase by both the redution of double oupanies and
the inrease of spin polarization. On the other hand, in
the PM phase, these proesses might be optimized only
by the rst eet, whih results in a muh more severe
loss of the energy. However, these trends also involve
a redution of the nearest neighbor hopping proesses
and therefore they annot be maintained above a ertain
ritial value of t′. As a result, Et′ hanges its sign and
beomes negative (f. Fig. 12).
Turning bak to the analysis of the stripe stability, the
fat that the energy loss due to the t′ term follows pre-
dominately from the hopping proesses at the nonmag-
neti DWs explains immediately why a nite t′ promotes
partially lled stripes. Indeed, as the average hole den-
sity at the half-lled DWs is smaller than at the lled
ones (f. Figs. 3 and 4), one should lose less kineti en-
ergy in the former ase, espeially in the phase with the
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FIG. 11: (Color online) Site-normalized SB free energy F
of the phase with the FVS, FDS, HVS, and HDS, as well
as of the AF phase, as a funtion of inreasing next-nearest
neighbor hopping |t′| for U = 12t in the: (a) underdoped
regime x = 1/16; (b) moderately doped regime x = 1/8.
HDS, where the redution of the hole density at the DWs
is the strongest. Consequently, as depited in Fig. 11(a),
this phase is haraterized by the largest free energy gain
upon inreasing |t′|. Further, inreasing |t′| strongly in-
terferes with the solitoni mehanism
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stabilizing the
FVS by the transverse hopping and hene suh a stru-
ture beomes unstable at t′/t ≃ −0.248. In ontrast, nar-
rower FDS are stabilized to a lesser degree by this meh-
anism remaining a stable solution in the entire region
0 < |t′/t| < 0.4. Finally, the energy dierene between
the phase with the HVS and the one with the FDS grad-
ually diminishes so that the former beomes the ground
state of the system at t′/t ≃ −0.16.
In order to get a more quantitative insight into the
mehanism of the rossover between the above phases, we
show in Table VI deomposition of their free energy into
the on-site Coulomb energy EU as well as into both ki-
neti energy ontributions Et and Et′ . On the one hand,
the robust stability of the FDS in the absene of t′, follows
mainly from a large kineti energy gain Et (f. Table II).
In ontrast, at the expense of Et, the struture with the
HVS better optimizes the double oupany energy EU ,
being however less stable than the one with the FDS.
On the other hand, as we have already found, a negative
next-nearest neighbor hopping tends to yield a positive
14
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FIG. 12: (Color online) Average kineti energy Et′ per diag-
onal bond as a funtion of inreasing next-nearest neighbor
hopping |t′| for: (a) AF phase, and (b) PM phase, as obtained
for U = 12t. Dot-dashed, dashed, and solid line shows the re-
sults for x = 1/16, x = 1/8, and x = 1/5 doping, respetively.
kineti energy ontribution, but the atual sign depends
both on the value of t′ and on the lling of the DWs. In-
deed, the presene of the half-lled stripes learly helps to
alterate the disadvantageous sign of Et′ so that it is nega-
tive already for t′ = −0.3t (f. Table VI). Conversely, in
the phase with the FDS, in spite of a stronger redution
of double oupanies with a onomitant detriment of
Et, deloalization of eletrons due to a nite t
′ = −0.3t
still osts a small amount of energy. All these features
at to stabilize the HVS in the ground state.
Based on the above disussion one ould expet that
at a higher doping, the HVS would take over the FDS
for a muh smaller value of |t′|. Indeed, as shown in
Table VI, x = 1/8 provides a more signiant energy
lowering of the phase with the HVS due to a twie larger
Et′ gain. Simultaneously, the energy loss in the struture
with the FDS due to the t′ proesses is twie as large as
for x = 1/16. Consequently, inreasing |t′| destabilizes
now easier the FVS and one nally loses this solution
already at t′/t ≃ −0.247, as illustrated in Fig. 11(b).
Nevertheless, one reads o from Fig. 11(b) that a hange
of the ground state upon inreasing |t′| takes plae in
this ase at even slightly larger value |t′| ≃ 0.17t. The
explanation is ontained in Table VI: a higher doping
diminishes the double oupanies and additionally it is
reeted in a higher mobility of the eletrons. As a on-
TABLE VI: Free energy F per site, on-site Coulomb en-
ergy EU as well as kineti energy Et and E
′
t ontributions, as
obtained for the phase with either the HVS or FDS in the ex-
tended Hubbard model from the SBA on an 128×128 luster.
Parameters: U = 12t, t′ = −0.3t and βt = 1000.
x phase EU/t Et/t Et′/t F/t
1/16 FDS 0.2775 −0.7292 0.0039 −0.4478
HVS 0.2767 −0.7225 −0.0071 −0.4529
1/8 FDS 0.2332 −0.8064 0.0077 −0.5655
HVS 0.2300 −0.7911 −0.0138 −0.5749
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FIG. 13: Density of states N(ω) of the ground state with:
(a) FDS for x = 1/16 and t′ = 0; (b) HVS for x = 1/8
and t′ = −0.3t, as obtained for large Coulomb interation
U = 12t.
sequene, the relative energy
δF = FFDS − FHVS, (24)
varies, in the absene of t′, from δF = −0.0065t for
x = 1/16 to δF = −0.0132t at x = 1/8, whih demon-
strates an inreasing stability of the FDS. Therefore, the
ondition of having the rossover at x = 1/8 requires
overompensation of the larger |δF | and thus the transi-
tion is now slightly moved towards the larger |t′|.
Altogether, Fig. 11 enables senario in whih doping-
indued inrease in the amplitude of t′ results in a drasti
hange in the spin modulation from the diagonal to verti-
al/horizontal one, as observed experimentally in LSCO
at x ≃ 0.06. The onjeture that |t′| is suppressed in
underdoped regime and grows with inreasing x, seems
to be also supported by the reent ED studies showing
that t′ helps to stabilize the superondutivity in the op-
timally and overdoped regime but it is harmful in the
underdoped regime.
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Moreover, inelasti neutron sat-
tering experiments on YBCO, a bilayered ompound with
a larger than LSCO next-nearest neighbor hopping term
|t′| ≃ 0.3t,38 have established the presene of the IC verti-
al/horizontal spin utuations throughout its entire su-
peronduting regime,
14
implying that suh a modulation
is: (i) realized easier for larger |t′|, and (ii) more advan-
tageous for the superondutivity than the diagonal one.
Note, however, that it remain puzzling why the average
lling of diagonal DWs hanges from one to (1/
√
2) hole
per one DW site in the very low doping regime x ∼ 0.03.
Unfortunately, we ould not address this issue here as it
requires alulations for still larger unit ells whih ould
not be performed at present.
B. Changes in the eletroni struture due to
nite t′
Remarkably, in the present approah, the two possible
ground states have entirely dierent physial properties
being either insulating or metalli. Indeed, the DOS of
the ground state with the FDS obtained in the Hubbard
15
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FIG. 14: (Color online) Eletroni struture of the phase with
the HVS as a funtion of parallel momentum ky , alulated
from the unit ell shown in Fig. 1(a) on an 8×8 luster within
the SB method for U/t = 12, and: (a) t′ = 0, (b) t′/t = −0.3.
Solid (dashed) lines orrespond to the bulk (mid-gap) bands,
respetively, whereas the dotted lines indiate the Fermi level.
model with t′ = 0 at x = 1/16 onsists of learly seen two
distint maxima orresponding to the Hubbard bands,
while the Fermi energy falls within a gap whih results
from the magneti order [f. Fig. 13(a)℄. Interestingly,
due to a strong Coulomb repulsion U = 12t and on-
sequently small band narrowing fators, instead of the
ones as for U = 6t, one nds here four separated midgap
bands. In ontrast, as shown in Fig. 13(b), the Fermi
energy rosses the midgap states of the struture with
the HVS, whih is the ground state of the Hamiltonian
with x = 1/8 and t′ = −0.3t, enabling harge transport
in agreement with the data for LSCO.
We also note that, in agreement with Ref. 41, a nega-
tive t′ leads to a distint broadening of the partially lled
mid-gap band indued by the HVS and onsequently
it shifts these states to a lower energy, as depited in
Fig. 14. Conversely, the energy gain due to suh a mod-
iation of the eletroni struture is not possible in the
ase of the FDS as their mid-gap states are entirely un-
oupied. Thus, the puzzling role of t′ in promoting the
half-lled DWs is laried.
V. DISCUSSION AND SUMMARY
We have developed a simple but powerful SB approah
whih allows one to investigate various stripe phases with
a large unit ell and arry out the alulations on a large
(128 × 128) luster. Having presented the theoretial
framework in Se. II, we have shown in Se. II D that
our method provides a unique opportunity to obtain un-
biased results at low temperature βt = 1000, as well as to
eliminate the role of nite size eets. The eletron or-
relation eets beyond the HF were implemented within
the SB method. Therefore, the stripe phases found in
the present approah are stabilized not due to partiular
boundary onditions, but they represent a generi insta-
bility of the strongly orrelated eletron system doped by
holes.
Then, in Se. III we have analyzed the stability of the
idealized lled as well as the half-lled stripes in the Hub-
bard model at two representative doping levels x = 1/16
and x = 1/8. However, the true ground state ould orre-
spond to neither lled nor half-lled stripes, as the opti-
mal lling might vary with doping. By omparing the SB
harge and spin density proles with the ones obtained
in the HFA in moderate oupling regime with U = 6t, we
have emphasized the role of a proper treatment of ele-
tron orrelations. In partiular, we have found that the
largest orretion of the HF value is obtained at the DW
unpolarized sites, where the double oupany D shows
distint minima, whih allows one to optimize the on-site
Coulomb energy EU even without a great redution of
the atual eletron density. Simultaneously, an enhaned
value of D in SB approah suppresses partially the spin
polarization of the atoms within the AF domains, whih
enables more intersite exitations and leads to a more
favorable kineti energy gain. Taken together, these two
eets are responsible for smoother SB harge and spin
density proles with respet to the ones found in the
HFA. Moreover, we have shown that at strong oupling
with U = 12t the SB double oupany prole is interpo-
lating between 4t2/U2 deep in the magneti domains and
the value expeted in the PM phase at the hole density
obtained at the DW sites.
However, the most prominent result of our extensive
studies of the kineti energy was a demonstration of a
lose relationship between the lling and the diretion of
the largest kineti energy gain. Indeed, we have shown
that while deep within the magneti domains the kineti
energy in both diretions is given by −4t2/U , as expeted
from large U expansions,53 in the neighborhood of DWs
the physial situation is muh more omplex and depends
on the mirosopi properties of the onsidered stripe
phase. Espeially, it turns out that the HVS are pre-
dominately stabilized by the eletrons propagating along
them, whereas their lled ounterparts might be onsid-
ered as a set of weakly oupled solitons as their stabil-
ity follows to a large extent from the transverse hopping
aross them.
Finally, proeeding from the experimental motivation,
based on the doping-indued hange of the spatial orien-
tation of the DWs in the uprates, we have investigated
the eet of the eetive next-nearest neighbor hopping t′
on the stripe stability. Remarkably, we have found that a
subtle inrease of the amplitude of t′ with inreasing dop-
ing ould explain the observed transition from the lled
insulating diagonal stripes towards the half-lled metalli
vertial/horizontal ones in the uprates. As the eetive
hopping t′ is dierent for hole-doped and eletron-doped
uprates,
57
and the doped holes deloalize the magneti
moments at Cu sites, it might be expeted that |t′| in-
reases with doping. This poses an interesting physi-
al problem for the parameters of the eetive one-band
model for the uprates whih should be resolved by future
16
studies. Suh a doping dependent t′ may also result from
the hange of lattie parameters upon doping observed
in most superonduting uprates.
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